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ON INFINITENESS OF INTEGRAL OVERCONVERGENT DE RHAM–WITT
COHOMOLOGY MODULO TORSION
VERONIKA ERTL AND ATSUSHI SHIHO
Abstract. In this article, we give examples of smooth varieties of positive characteristic whose first
integral overconvergent de Rham–Witt cohomology modulo torsion is not finitely generated over the
Witt ring of the base field.
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Introduction
Let k be a perfect field of characteristic p > 0, let W := W (k) be the ring of p-typical Witt vectors
of k and let K be the fraction field of W . For a smooth variety X over k, its crystalline cohomology
Hicrys(X/W ) is defined by Berthelot [1] and it is shown that, when X is proper, it is finitely generated over
W . (See [4] for example.) Also, Illusie [11] introduced the notion of de Rham–Witt complex WΩ•X which
is a complex of e´tale sheaves on X and proved that its cohomology Hi(X,WΩ•X) (called the de Rham–
Witt cohomology) is isomorphic to the crystalline cohomology Hicrys(X/W ). Thus the de Rham–Witt
cohomology is finitely generated over W when X is proper smooth over k.
When X is smooth but not proper, its crystalline cohomology (hence its de Rham–Witt cohomology
as well) is not necessarily finitely generated. To remedy this infiniteness, Berthelot [2], [3] introduced
the notion of rigid cohomology Hirig(X/K) as a corrected variant of crystalline cohomology tensored
with Q using p-adic analytic geometry, and proved that it is finite dimensional over K. However, rigid
cohomology does not a priori have a canonical W -lattice. So it would be an interesting problem to
construct a finitely generated W -lattice of rigid cohomology which has nice properties.
For a smooth variety X over k, Davis–Langer–Zink [6] introduced the overconvergent de Rham–Witt
complexW †Ω•X as a certain subcomplex ofWΩ
•
X and proved that, when X is quasi-projective, its rational
cohomology Hi(X,W †Ω•X) ⊗Q is isomorphic to the rigid cohomology H
i
rig(X/K). Although it is well-
known that the integral overconvergent de Rham–Witt cohomology Hi(X,W †Ω•X) can have infinitely
generated torsions (e.g. in the case X = A1k and i = 1), one may naively expect that the image
H
i
(X,W †Ω•X) := Im(H
i(X,W †Ω•X)→ H
i(X,W †Ω•X)⊗Q),
which we will call the integral overconvergent de Rham–Witt cohomology modulo torsion, might give a
finitely generated W -lattice of the rigid cohomology.
However, various problems seem to arise when one tries to adapt the proofs for finiteness of rigid
cohomology in [3], [15], [19], [20], and [13] to the case of H
i
(X,W †Ω•X), because all of these proofs use
homological algebra at some instance which is rather delicate when dividing by torsion. In this article,
we give a negative answer to the above expectation by giving counterexamples. In particular, we prove
the following result.
Theorem 0.1 (= a weak form of Corollary 3.2). For any prime number p and any perfect field k of
characteristic p, there exists an affine smooth curve X over k such that the first integral overconvergent
de Rham–Witt cohomology modulo torsion H
1
(X,W †Ω•X) is not finitely generated over W .
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We note that to facilitate the necessary computations, we consider integral Monsky–Washnitzer coho-
mology, where we provide examples for infiniteness modulo torsion for its first cohomology group. Then
we deduce the above theorem from a comparison isomorphism of integral overconvergent de Rham–Witt
cohomology and integral Monsky–Washnitzer cohomology. For an example of a higher dimensional or a
non-affine smooth variety X with infinitely generated H
1
(X,W †Ω•X), see Theorem 3.9 and Remark 3.10.
Conventions. Throughout the paper, p will be a fixed prime number, k will be a perfect field of positive
characteristic p > 0, W := W (k) its ring of p-typical Witt vectors and K = Frac(W (k)) will be the
fraction field of W . By a variety over k we always mean a separated and integral scheme of finite type
over k. Let moreover νp denote the p-adic valuation.
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1. Overconvergent de Rham–Witt cohomology and Monsky–Washnitzer cohomology
As we recalled in the introduction, the integral overconvergent de Rham–Witt cohomologyHi(X,W †Ω•X)
is defined for any smooth variety X over k, but it is not so easy to compute it directly for general X .
When X is affine and smooth, there exists a simpler construction of the cohomology HiMW(X/W ) (called
the integral Monsky–Washnitzer cohomology), which is due to Monsky and Washnitzer [17]. In this
section, we briefly recall the definition of the integral Monsky–Washnitzer cohomology and recall the
comparison theorem between the integral overconvergent de Rham–Witt cohomology and the integral
Monsky–Washnitzer cohomology.
Let X = Spec(A) be an affine smooth variety over k and take a lift X = Spec(A) of X to an affine
smooth scheme over W . (The existence of such a lift is due to Elkik [9].) Let A† be the weak completion
of A (defined by Monsky–Washnitzer), and let Ω•
A†
be the de Rham complex of continuous differentials
of A† over W . We define the integral Monsky–Washnitzer cohomology HiMW(X/W ) of X by
HiMW(X/W ) := H
i(Ω•A†).
It is known that this definition is independent of the choice of the lift X = Spec(A) [10]. Then we have
the following comparison theorem:
Theorem 1.1 (Davis–Langer–Zink [6], Davis–Zureick-Brown [7], Ertl–Sprang [10]). Let X be an affine
smooth variety over k. Then there exists a canonical isomorphism HiMW(X/W )
∼= Hi(X,W †Ω•X).
As in the case of overconvergent de Rham–Witt cohomology, we define the integral Monsky–Washnitzer
cohomology modulo torsion H
i
MW(X/W ) by
H
i
MW(X/W ) := Im(H
i
MW(X/W )→ H
i
MW(X/W )⊗Q).
Then, Theorem 1.1 implies the isomorphism
(1) H
i
MW(X/W )
∼= H
i
(X,W †Ω•X).
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We next recall a relation between Monsky–Washnitzer cohomology and algebraic de Rham cohomology.
Let X = Spec(A),X = Spec(A) as before Theorem 1.1 and let Ω•A be the de Rham complex of algebraic
differentials of A over W . We define the integral algebraic de Rham cohomology HidR(X/W ) by
HidR(X/W ) := H
i(Ω•A),
and the integral algebraic de Rham cohomology modulo torsion by
H
i
dR(X/W ) := Im(H
i
dR(X/W )→ H
i
dR(X/W )⊗Q).
The canonical map of weak completion ι : A→ A† induces a morphism
ι∗ : H
i
dR(X/W )→ H
i
MW(X/W ),
hence the commutative diagram with injective vertical arrows:
(2) H
i
dR(X/W ) _

ι∗
// H
i
MW(X/W ) _

HidR(X/W )⊗Q
ι∗,Q
// HiMW(X/W )⊗Q.
In general, it is not necessarily true that ι∗,Q is an isomorphism.
2. Cab-curves
In this section, we give a review of the result of Denef–Vercauteren [8, §3] on the computation of rational
algebraic de Rham cohomology and rational Monsky–Washnitzer cohomology of Cab-curves. (This is a
generalization of the computation by Kedlaya [12] in the case of hyperelliptic curves.)
First we recall the definition of Cab-curves.
Definition 2.1. Let a, b be coprime positive integers and let L be a field of characteristic prime to ab.
A Cab-curve over L is an affine smooth plane curve X over L defined by an equation of the form
(3) f(x, y) := ya +
a−1∑
j=1
f j(x)y
j + f0(x) = 0,
where f j(x) ∈ L[x] for 0 ≤ j ≤ a− 1 with deg f0 = b and a deg f j + bj < ab for 1 ≤ j ≤ a− 1.
Remark 2.2. (i) In some references, the smooth compactification of X is called a Cab-curve. How-
ever, we adopt the above definition because we will not use the compactification so much.
(ii) When f j(x) = 0 for all 1 ≤ j ≤ a − 1, the curve X is called a superelliptic curve (minus one
point). When we assume moreover that a = 2, the curve X is called a hyperelliptic curve (minus
one point of characteristic prime to 2b). When we assume moreover that b = 3, the curve X is
called an elliptic curve (minus one point of characteristic prime to 6).
(iii) The smoothness assumption onX is nothing but the Jacobian criterion associated to the equation
(3). In the case of superelliptic curves, X is smooth if and only if f0(x) does not have multiple
roots in the algebraic closure of L.
Then the following facts are known:
Fact 2.3. [8, p.81], [14]
(i) There exists a unique L-rational point at infinity (the point in the smooth compactification of X
which is not in X), which we denote by P∞.
(ii) ordP∞(x) = −a, ordP∞(y) = −b.
(iii) The genus of the smooth compactification of X is equal to (a− 1)(b− 1)/2.
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Now let a, b be coprime positive integers prime to p and consider a Cab-curve X over k defined by the
equation (3) (with L replaced by k).
For each 0 ≤ j ≤ a, we take a lift fj(x) ∈ W [x] of f j(x) with deg fj = deg f j . By definition, we can
write explicitly that
(4) f0(x) =
b∑
i=0
ci0x
i, fj(x) =
∑
ai+bj<ab
cijx
i (1 ≤ j ≤ a− 1)
with ci0, cij ∈W . Then we have the following:
Lemma 2.4. The equation
(5) f(x, y) := ya +
a−1∑
j=1
fj(x)y
j + f0(x) = 0
defines a smooth lift X of X over W .
Proof. This is implicitly proven in [8, §3], but we sketch the argument for the convenience of the reader.
Let F0 = f(X
a, Y b), F1 =
∂f
∂x
(Xa, Y b), F2 =
∂f
∂y
(Xa, Y b) and let F hi (X,Y, Z) (i = 0, 1, 2) be the homoge-
nization of Fi.
Let F
h
i (i = 0, 1, 2) be the reduction modulo p of F
h
i . Then the equation F
h
0 = F
h
1 = F
h
2 = 0 has no
solution in the projective space P2(kalg): Indeed, when Z 6= 0, this follows from the smoothness of the
curve X over k and when Z = 0, the above equality becomes
Y ab +Xab = bXa(b−1) = aY (a−1)b = 0,
which has no nontrivial solution.
Then, [8, Theorem 2] implies that there exist G0, G1, G2 ∈ W [X,Y ] with
∑2
i=0GiFi = 1. We may
assume that G0, G1, G2 are linear combinations of the monomials X
aiY bj (i, j ∈ N) because the equality∑2
i=0GiFi = 1 remains true when we discard all the other monomials from G0, G1, G2. Then, if we set
gi(x, y) ∈ W [x, y] (i = 0, 1, 2) so that gi(X
a, Y b) = Gi(X,Y ), we see the equality g0f + g1
∂f
∂x
+ g2
∂f
∂y
= 1.
So X is smooth over W by the Jacobian criterion. 
Let XK be the generic fiber of X/W , which is a Cab-curve over K. Let P∞ be the point at infinity of
XK . (See Fact 2.3(i).)
We have X = Spec(A), X = Spec(A) with
A = k[x, y]/(f(x, y)), A =W [x, y]/(f(x, y)).
Let A† be the weak completion of A. By definition given in the previous section, we have the first
cohomologies
H1dR(X/W ) = H
1(Ω•A), H
1
MW(X/W ) = H
1(Ω•A†)
which induce the diagram (2) (with i = 1).
Denef–Vercauteren first compute a basis of the first rational algebraic de Rham cohomology
(6) H1dR(X/W )⊗Q = H
1(Ω•A ⊗Q).
To explain their result and its proof, for ω ∈ Ω•A ⊗Q, we denote its cohomology class in the groups (6)
by [ω].
Proposition 2.5 ([8, p.89]). The elements [xiyjdx] (0 ≤ i ≤ b − 2, 1 ≤ j ≤ a − 1) form a basis of
H1dR(X/W )⊗Q = H
1(Ω•A ⊗Q) over K.
We give a sketch of the proof because it is important for us.
Proof. The proof is done in several steps.
Step 1. By definition, the group H1(Ω•A ⊗ Q) is generated by [x
iyjdx], [xiyjdy] (i, j ∈ N) over K.
Using the defining equation (5), we see that the group H1(Ω•A ⊗ Q) is generated by [x
iyjdx], [xiyjdy]
(i ∈ N, 0 ≤ j ≤ a− 1) over K.
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Step 2. Next, using the equality
(7) 0 = [d(xiyj)] = j[xiyj−1dy] + i[xi−1yjdx]
and the defining equation (5) again if necessary, we see that the group H1(Ω•A ⊗ Q) is generated by
[xiyjdx] (i ∈ N, 1 ≤ j ≤ a− 1) over K.
Step 3. For each j, l ∈ N, Denef–Vercauteren prove the following equality [8, (18) in p.89]:
(8)
[
xl
(
a−1∑
k=1
j
k + j
f ′k(x)y
k + f ′0(x)
)
yjdx− lxl−1
(
a
a+ j
ya +
a−1∑
k=1
k
k + j
fk(x)y
k
)
yjdx
]
= 0.
We compute the order at P∞ of terms in the equality (8), noting that ordP∞(x) = −a, ordP∞(y) =
−b, ordP∞(dx) = −(a+1). (See Fact 2.3(ii).) The possible terms with lowest order are ω1 = x
lf ′0(x)y
jdx
and ω2 = −lx
l−1 a
a+j y
a+jdx and the order is −(a(l + b) + jb+ 1). Because
ω1 = bcb0x
l+b−1yjdx+ (forms of higher order),
ω2 =
la
a+ j
cb0x
l+b−1yjdx+ (forms of higher order)
(we used (5) for ω2), we conclude that the differential form inside the bracket [ ] in (8) has the form(
b+
la
a+ j
)
cb0x
l+b−1yjdx+ (forms of higher order).
Because the coefficient (b+ la
a+j )cb0 is nonzero, the order of the differential form inside the bracket [ ] in
(8) is equal to −(a(l + b) + jb+ 1).
Now we go back to consider [xiyjdx] (i ∈ N, 1 ≤ j ≤ a−1). The order at P∞ of x
iyjdx is −(a(i+1)+
jb+1). So, if i ≥ b− 1, we can use (8), (5) and (7) to rewrite [xiyjdx] as a linear combination over K of
the elements [xi
′
yj
′
dx] (i′ ∈ N, 1 ≤ j′ ≤ a−1) such that the order at P∞ of x
i′yj
′
dx is strictly larger than
that of xiyjdx. If i′ ≥ b− 1 for some [xi
′
yj
′
dx] appearing in the linear combination, we use again (8), (5)
and (7) to rewrite this term. We repeat this process as long as there is a term [xi
′
yj
′
dx] with i′ ≥ b − 1
in the linear combination. Because the order at P∞ is always an integer, this process stops at some point
and so we conclude that, for i ≥ b − 1 and 1 ≤ j ≤ a − 1, [xiyjdx] is written as a linear combination of
the elements [xi
′
yj
′
dx] with 0 ≤ i′ ≤ b− 2, 1 ≤ j′ ≤ a− 1. Hence the group H1(Ω•A ⊗Q) is generated by
[xiyjdx] (0 ≤ i ≤ b− 2, 1 ≤ j ≤ a− 1) over K. Because the genus of the smooth compactification of X is
(a− 1)(b − 1)/2 (see Fact 2.3(iii)), we see that the elements [xiyjdx] (0 ≤ i ≤ b− 2, 1 ≤ j ≤ a− 1) form
a basis of H1(Ω•A ⊗Q). 
Remark 2.6. Let i, j ∈ N. By Proposition 2.5, [xiyjdx] is written uniquely in the form
(9) [xiyjdx] =
∑
0≤i′≤b−2
1≤j′≤a−1
gi,ji′,j′ [x
i′yj
′
dx]
with gi,ji′,j′ ∈ K. By looking at the proof of Proposition 2.5, we see that each g
i,j
i′,j′ is a polynomial function
in the coefficients cst(s, t ≥ 0, as+ bt < ab or (s, t) = (b, 0)) (see (4)) appearing in the defining equation
(5) of X , divided by some power of cb0: Namely, there exist G
i,j
i′,j′ ∈ Q[zst]s,t≥0,as+bt<ab or (s,t)=(b,0)[z
−1
b0 ]
for any i, j, i′, j′ ∈ N, 0 ≤ i′ ≤ b− 2, 1 ≤ j′ ≤ a− 1 such that gi,ji′,j′ is the value of G
i,j
i′,j′ at zst = cst.
Next Denef–Vercauteren compute a basis of the first rational Monsky–Washnitzer cohomology
(10) H1MW(X/W )⊗Q = H
1(Ω•A† ⊗Q).
Following the previous notation, for ω ∈ Ω•
A†
⊗Q, we denote its cohomology class in the groups (10) by
[ω].
Proposition 2.7 ([8, p.90–93]). The elements [xiyjdx] (0 ≤ i ≤ b − 2, 1 ≤ j ≤ a − 1) form a basis of
H1MW(X/W )⊗Q = H
1(Ω•
A†
⊗Q) over K.
We omit the proof of Proposition 2.7 because it is not necessary for us.
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Corollary 2.8. For a Cab-curve X, the map ι∗,Q in the diagram (2) is an isomorphism.
Proof. Because the map ι∗,Q sends [x
iyjdx] to [xiyjdx], the claim follows from Propositions 2.5 and
2.7. 
3. Infiniteness
In this section, we give examples of affine smooth varieties X over k such that the first integral
overconvergent de Rham–Witt cohomology modulo torsion H
1
(X,W †Ω•X) is not finitely generated over
W . Our basic example is the following one:
Theorem 3.1. Let a, b ≥ 2 be coprime integers prime to p, let α ∈ k× and let X be the superelliptic
curve ya + xb + α = 0 (the affine smooth plane curve defined by this equation). Then H
1
(X,W †Ω•X) is
not finitely generated over W .
Proof. Note that X is a special case (the case f0(x) = x
b+α, f j(x) = 0 (1 ≤ j ≤ a−1)) of the Cab-curve
X in the previous section. Take a lift α ∈ W of α and let X be the smooth lift of X defined by the
equation ya + xb + α = 0. This is a special case (the case f0(x) = x
b + α, f j(x) = 0 (1 ≤ j ≤ a− 1)) of
the lift X in the previous section. Let A =W [x, y]/(ya + xb + α) be as in the previous section.
We consider the algebraic de Rham cohomology H1dR(X/W )⊗Q = H
1(Ω•A ⊗Q). The equality (8) in
the cohomology is written as [
bxl+b−1yjdx−
la
a+ j
xl−1ya+jdx
]
= 0
in the case at hand. Using the defining equation ya + xb + α = 0, it is rewritten as[
bxl+b−1yjdx+
la
a+ j
xl−1(xb + α)yjdx
]
= 0,
which is equivalent to the equality
(11)
[
xl+b−1yjdx
]
=
[
−
laα
la+ jb+ ab
xl−1yjdx
]
.
Recall that 1 ≤ j ≤ a− 1. Let 1 ≤ r ≤ b − 1, N ∈ N and consider the element [x(N+1)b+(r−1)yjdx].
By using the equality (11) with l = Nb+ r, (N − 1)b+ r, . . . , r, we obtain the equality
[x(N+1)b+(r−1)yjdx] =
N∏
n=0
(
−
(nb+ r)aα
(nb+ r)a+ jb+ ab
)
[xr−1yjdx](12)
= (unit) ·
N∏
n=0
nb+ r
nab+ (ra+ jb+ ab)
· [xr−1yjdx],
where (unit) means an element in W×.
Now we fix j, r so that p ≡ jb (moda), p ≡ ra (mod b). This is possible because a, b are coprime and p
does not divide ab. Then we have p ≡ ra+ jb+ ab (modab). Hence the set
M := {M ∈ N | pM ≥ ra+ jb+ ab, pM ≡ ra+ jb+ ab (modab)}
is infinite. Take any M ∈M and put N := (pM − (ra+ jb+ ab))/ab. For such N , we compute the p-adic
valuation ν := νp
(
N∏
n=0
nb+ r
nab+ (ra + jb+ ab)
)
of
N∏
n=0
nb+ r
nab+ (ra+ jb+ ab)
.
For M ′ ∈ N, define the sets PM ′ , QM ′ by
PM ′ := {n | 0 ≤ n ≤ N, p
M ′ |nb+ r}, QM ′ := {n | 0 ≤ n ≤ N, p
M ′ |nab+ (ra+ jb+ ab)}.
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Then
ν =
∞∑
M ′=1
M ′((|PM ′ | − |PM ′+1|)− (|QM ′ | − |QM ′+1|))(13)
=
∞∑
M ′=1
(|PM ′ | − |QM ′ |) =
M∑
M ′=1
(|PM ′ | − |QM ′ |).
(For the last equality, note that Nb + r ≤ Nab + (ra + jb + ab) = pM .) So we estimate the terms
|PM ′ | − |QM ′ | for 1 ≤M
′ ≤M .
In general, for n0 ∈ PM ′ and 0 ≤ n ≤ N , we have the equivalence
n ∈ PM ′ ⇐⇒ n− n0 ∈ p
M ′Z
because b is prime to p, and the same property holds for the set QM ′ . So, if we denote the maximal
element of PM ′ by n0, we have the equality
PM ′ = {n0, n0 − p
M ′ , n0 − 2p
M ′ , . . . } ∩N.
Also, since N ∈ QM ′ (because p
M ′ |pM = Nab+ (ra + jb+ ab)), we have the equality
QM ′ = {N,N − p
M ′ , N − 2pM
′
, . . . } ∩N.
Since n0 ≤ N by definition, we see that |PM ′ | ≤ |QM ′ |. So |PM ′ | − |QM ′ | ≤ 0 for any 1 ≤M
′ ≤M .
Next we give a stronger estimate of |PM ′ | − |QM ′ | for 1 ≤ M
′ ≤ M when M ′ ∈M. If we define the
sets P˜M ′ , Q˜M ′ by
P˜M ′ := {a(nb+ r) |n ∈ PM ′}, Q˜M ′ := {nab+ (ra+ jb+ ab) |n ∈ QM ′},
|PM ′ | − |QM ′ | = |P˜M ′ | − |Q˜M ′ |. If we denote the maximal (resp. minimal) element of PM ′ by n0 (resp.
n1) and put n˜0 := a(n0b+ r) (resp. n˜1 := a(n1b+ r)), we have the equality
P˜M ′ = {n˜0, n˜0 − abp
M ′ , n˜0 − 2abp
M ′ , . . . , n˜1}.
On the other hand, N is the maximal element of QM ′ and since M
′ ∈M, there exists 0 ≤ N1 ≤ N with
N1ab+ (ra + jb+ ab) = p
M ′ ; hence N1 is the minimal element of QM ′ . Then
QM ′ = {N,N − p
M ′ , N − 2pM
′
, . . . , N1},
and so we see the equality
Q˜M ′ = {p
M , pM − abpM
′
, pM − 2abpM
′
, . . . , pM
′
}.
Now, noting the inequalities
n˜1 = a(n1b+ r) > n1b + r ≥ p
M ′ , n˜0 = a(n0b+ r) ≤ a(Nb+ r) < Nab+ (ra + jb+ ab) = p
M ,
we see that |P˜M ′ | < |Q˜M ′ |. So |PM ′ | − |QM ′ | ≤ −1 for any 1 ≤M
′ ≤M with M ′ ∈M.
By combining the inequalites proved in the previous two paragraphs and the equality (13), we see
that, if M is the d-th element of the set M, ν ≤ −d. Then, by putting it into the equality (12), we see
that, for some fixed 1 ≤ j ≤ a− 1 and 1 ≤ r ≤ b− 1, there exists a sequence of natural numbers {Nd}
∞
d=0
such that
(14) [x(Nd+1)b+(r−1)yjdx] = Cd[x
r−1yjdx], νp(Cd) ≤ −d.
Because [x(Nd+1)b+(r−1)yjdx] is the cohomology class coming from the integral algebraic de Rham coho-
mology H1dR(X/W ), we see from (14) that H
1
dR(X/W ) contains K[x
r−1yjdx] ∼= K. (The last isomor-
phism follows from Proposition 2.5.) Then, by the diagram (2) and the fact that ι∗,Q is an isomorphism,
we conclude that H
1
MW(X/W ) also contains K[x
r−1yjdx] ∼= K. Since the last cohomology group is
isomorphic to H
1
(X,W †Ω•X), we conclude that H
1
(X,W †Ω•X) is not finitely generated over W . 
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Corollary 3.2. For any prime number p and any perfect field k of characteristic p, there exist infinitely
many affine smooth curves Xi (i ∈ N) over k whose smooth compactifications are all non-isomorphic
such that H
1
(Xi,W
†Ω•Xi) (i ∈ N) are not finitely generated over W .
Proof. If we take a sequence of coprime integers ai, bi ≥ 2 (i ∈ N) prime to p with (ai − 1)(bi − 1)/2 <
(ai+1 − 1)(bi+1 − 1)/2 and take as Xi the superelliptic curve y
ai + xbi + 1 = 0, H
1
(Xi,W
†Ω•Xi) (i ∈ N)
are not finitely generated over W and smooth compactifications of Xi’s are all non-isomorphic because
they have different genera. 
It would be possible to provide more examples of infiniteness using the following:
Proposition 3.3. If X1 → X2 be a generically e´tale morphism of affine smooth curves. Then, if
H
1
(X2,W
†Ω•X) is not finitely generated over W , H
1
(X1,W
†Ω•X) is not finitely generated over W either.
Proof. One can take open subschemes X ′1 ⊂ X1, X
′
2 ⊂ X2 such that X
′
1 → X
′
2 is finite e´tale. Since we
have the commutative diagram
H
1
(X2,W
†Ω•X)
  //

H1rig(X2/K)
  //

H1rig(X
′
2/K) _

H
1
(X1,W
†Ω•X)
  // H1rig(X1/K)
  // H1rig(X
′
1/K)
with horizontal arrows and the right vertical arrow injective, we see that the morphism H
1
(X2,W
†Ω•X)→
H
1
(X1,W
†Ω•X) is injective as well, and hence the claim follows. 
We give another proof of Corollary 3.2, using Proposition 3.3.
Another proof of Corollary 3.2. We take as X the superelliptic curve ya + xb + 1 = 0 such that
the genus g(Xcpt) = (a − 1)(b − 1)/2 of the smooth compactification Xcpt of X is ≥ 2. Then, by
taking a family fi : X
cpt
i → X
cpt (i ∈ N) of finite e´tale coverings with g(Xcpti+1) > g(X
cpt
i ) and putting
Xi := f
−1
i (X), we obtain the required family Xi (i ∈ N) thanks to Proposition 3.3. 
Next we consider the case of ‘general’ Cab-curves. Let p be a fixed prime, let a, b be coprime positive
integers prime to p and let k0 be a field of characteristic p. Let S be the set of pairs (i, j) ∈ N
2 with
ai + bj < ab or (i, j) = (b, 0), and let Spec(k0[zij ](i,j)∈S) = A
|S|
k0
be the affine space with respect to the
indeterminates {zij}(i,j)∈S . Let g : X→ A
|S|
k0
be the relative plane curve defined by the equation (3) with
f0(x) =
b∑
i=0
zi0x
i, f j(x) =
∑
ai+bj<ab
zijx
i (1 ≤ j ≤ a− 1).
For a point c in A
|S|
k0
, let Xc be the fiber of the map g at c. Then we have the following proposition:
Proposition 3.4. There exists an open dense subscheme U of A
|S|
k0
such that a point c ∈ A
|S|
k0
belongs
to U if and only if Xc is a (smooth) Cab-curve.
Proof. The following proof is inspired by the proof of [5, Proposition 1]. Let Z be the closed subscheme of
A
|S|
k0
× (Ak0 \ {0})
2 (with the coordinates zij ((i, j) ∈ S), x, y) defined by the equation f =
∂f
∂x
= ∂f
∂y
= 0,
regarded as the equation in |S|+ 2 variables zij ((i, j) ∈ S), x, y.
First we prove that, for each α, β ∈ kalg0 \ {0}, the pullback Zα,β of Z to A
|S|
k
alg
0
× {(α, β)} is a closed
subscheme of codimension ≥ 3 in A
|S|
k
alg
0
× {(α, β)}: Note that we have
f = ya +
∑
(i,j)∈S
zijx
iyj,
∂f
∂x
=
∑
(i,j)∈S
zijix
i−1yj ,
∂f
∂y
= aya−1 +
∑
(i,j)∈S
zijjx
iyj−1.
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Hence, if we set S˜ := S ∪ {(0, a)}, Zα,β is isomorphic to the closed subscheme
(15)
(zi,j)i,j∈S˜
∣∣∣∣∣∣
∑
(i,j)∈S˜
zijα
iβj =
∑
(i,j)∈S˜
zij iα
i−1βj =
∑
(i,j)∈S˜
zijjα
iβj−1 = 0
 ∩ {(zij)i,j∈S˜ | z0a = 1}
in A
|S˜|
k
alg
0
∩ {(zij)i,j∈S˜ | z0a = 1} via the natural isomorphism
A
|S˜|
k
alg
0
∩ {(zij)i,j∈S˜ | z0a = 1}
∼= A
|S|
k
alg
0
∼= A
|S˜|
k
alg
0
× {(α, β)}.
Since the vectors (αiβj , iαi−1βj , jαiβj−1) for (i, j) = (b, 0), (0, a), (0, 0) are linearly independent, we see
that the former set of (15) is a linear subscheme of codimension 3 in A
|S˜|
k
alg
0
, and by taking intersection
with the latter set in (15), we see that Zα,β is a closed subscheme of codimension ≥ 3 in A
|S|
k
alg
0
×{(α, β)},
as required.
Since Zα,β is a closed subscheme of codimension ≥ 3 in A
|S|
k
alg
0
× {(α, β)} for any (α, β), Z is a closed
subscheme of codimension ≥ 3 in A
|S|
k0
× (Ak0 \ {0})
2. If we define Y1 to be the image of Z by the
projection A
|S|
k0
× (Ak0 \ {0})
2 → A
|S|
k0
, it is a closed subscheme of codimension ≥ 1, and this is the set
of points c in A
|S|
k0
such that the fiber Xc is not smooth at some point (x, y) with x 6= 0, y 6= 0.
On the other hand, let Y ′2 be the closed subscheme of codimension 1 in A
|S|
k0
defined by {zb0 = 0}, and
let Y ′3 be the closed subscheme of codimension 1 in A
|S|
k0
\ Y ′2 by {disc(f(x, 0)) = 0}∪ {disc(f(0, y)) = 0}.
Y ′2 is the set of points c in A
|S|
k0
\ Y ′2 such that the defining equation of Xc has degree < b in x, and Y
′
3 is
the set of points c in A
|S|
k0
\ Y ′2 such that Xc is not smooth at some point (x, y) with x = 0 or y = 0. If
we define Y2 to be the union of Y
′
2 and the closure of Y
′
3 in A
|S|
k0
, it is of codimension 1 in A
|S|
k0
.
Now let U := A
|S|
k0
\ (Y1 ∪ Y2). Then U is dense open in A
|S|
k0
and a point c ∈ A
|S|
k0
belongs to U if and
only if Xc is a (smooth) Cab-curve. So the proof of the proposition is finished. 
We denote the pullback of the map g : X→ A
|S|
k0
to U by gU : XU → U . This is a family of Cab-curves.
Then we can prove the following infiniteness result using Theorem 3.1.
Theorem 3.5. Let the notations be as above. Then, there exists a sequence of closed subschemes Zd (d ∈
N) of codimension ≥ 1 in U satisfying the following: For any perfect field k containing k0 and for any
morphism h : Spec(k)→ U whose image is not contained in
⋃
d∈N(
⋂∞
d′=d Zd′), if we denote the pullback
of gU with respect to h by X → Spec(k), then H
1
(X,W †Ω•X) is not finitely generated over W .
Theorem 3.5 is applicable when h factors as Spec(k) → Spec(k0(U)) → U , where the first morphism
is induced by an inclusion k0(U) →֒ k of the function field k0(U) of U to a perfect field k and the second
morphism is the generic point of U . Also, when k0 is uncountable, the set U \
⋃
d∈N(
⋂∞
d′=d Zd′) contains
uncountably many closed points. In these senses, H
1
(X,W †Ω•X) is not finitely generated over W for a
‘general’ Cab-curve X .
Proof. As before, let S be the set of pairs (i, j) ∈ N2 with ai + bj < ab or (i, j) = (b, 0). Take a perfect
field k containing k0 and a morphism h : Spec(k)→ U(→֒ A
|S|
k0
= Spec(k0[zij ](i,j)∈S)). Let cij ((i, j) ∈ S)
be the image of zij by h
∗ : k0[zij ](i,j)∈S → k and let cij ∈ W =W (k) be a lift of cij .
Consider the relative curve X overW defined by (4), (5). By Lemma 2.4, X is smooth overW and the
generic fiber XK of X/W is a Cab-curve. Take 1 ≤ r ≤ b − 1, 1 ≤ j ≤ a− 1 and the sequence of natural
numbers {Nd}
∞
d=0 as in the proof of Theorem 3.1. Let id := (Nd + 1)b + (r − 1). Then, by Remark 2.6,
we can write
(16) [xidyjdx] =
∑
0≤i′≤b−2
1≤j′≤a−1
Gid,ji′,j′(cst)[x
i′yj
′
dx]
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for some Gid,ji′,j′ ∈ Q[zst](i,j)∈S [z
−1
b0 ]. (Note that G
id,j
i′,j′ is independent of the choice of h and the choice
of lifts {cst}(s,t)∈S.) By the proof of Theorem 3.1, the equality (14) is the one we obtain from (16) by
specializing zst ((s, t) ∈ S) as
(17) zst 7→ 0 ((s, t) 6= (0, 0), (b, 0)), z00 7→ α ∈ W
×, zb0 7→ 1.
Define ld to be the least integer such that p
ldGid,jr,j ∈ Zp[zst](i,j)∈S [z
−1
b0 ]. Then, by the specialization
(17), pldGid,jr,j is sent to p
ldCd, where Cd is as in (14). Because this specialization takes value in Zp, we
see that pldCd ∈ Zp, hence ld − d ≥ ld + νp(Cd) ≥ 0. Thus ld ≥ d.
Let G
id,j
r,j 6= 0 be the image of p
ldGid,jr,j ∈ Zp[zst](i,j)∈S [z
−1
b0 ] by the reduction map Zp[zst](i,j)∈S [z
−1
b0 ]→
Fp[zst](i,j)∈S [z
−1
b0 ], and let Zd be the zero locus of G
id,j
r,j in U . Note that zb0 is invertible in U and so Zd
is well-defined as a closed subscheme of U , and it is of codimension ≥ 1 because G
id,j
r,j is nonzero. Also, if
the image of h is not contained in Zd, then G
id,j
r,j (cst) is nonzero in k and so νp(G
id,j
i,j (cst)) = −ld ≤ −d.
Now suppose that the image of h is not contained in
⋃
d∈N(
⋂∞
d′=d Zd′). Because [x
idyjdx] is a cohomol-
ogy class coming from the integral algebraic de Rham cohomology H1(X/W ), we see from (16) and the
calculation in the previous paragraph that H
1
dR(X/W ) is not contained in any of p
−d(
⊕
0≤i≤b−2
1≤j≤a−1
[xiyjdx])
(d ∈ N) and so H
1
MW(X/W ) is not contained in any of p
−d(
⊕
0≤i≤b−2
1≤j≤a−1
[xiyjdx]) (d ∈ N). Since the
last cohomology group is isomorphic to H
1
(X,W †Ω•X), we conclude that H
1
(X,W †Ω•X) is not finitely
generated over W . 
Remark 3.6. If infinitely many Zd’s (d ∈ N) intersect properly, the set
⋃
d∈N(
⋂∞
d′=d Zd′) in Theorem 3.5
is empty. Thus we expect that H
1
(X,W †Ω•X) would not be finitely generated over W for any Cab-curve
X .
Our results suggest that, for most affine smooth curves X , the group H
1
(X1,W
†Ω•X) are not finitely
generated over W . On the other hand, we have the following proposition.
Proposition 3.7. For an affine smooth curve X over k whose smooth compactification has genus 0,
H
1
(X,W †Ω•X) is finitely generated over W .
Proof. For a finite extension k′ of k, we have the base change property H1(X,W †Ω•X) ⊗W W (k
′) ∼=
H1(X⊗k k
′,W †Ω•X⊗kk′ ) and so H
1
(X,W †Ω•X)⊗W W (k
′) ∼= H
1
(X⊗k k
′,W †Ω•X⊗kk′ ). Hence, if H
1
(X⊗k
k′,W †Ω•X⊗kk′) is finitely generated over W (k
′), H
1
(X,W †Ω•X) is finitely generated over W . Thus we
may replace k by a finite extension of it to prove the proposition. Thus we may assume that X =
A1k \ {α1, . . . , αr} for some distinct αi ∈ k (1 ≤ i ≤ r).
We prove the finiteness of H
1
(X,W †Ω•X) by induction on r. If r = 0, X = A
1
k. In this case,
H
1
(X,W †Ω•X) ⊂ H
1
rig(X/K) = {0} and so the claim is true.
If r = 1, we may assume that X = A1k \ {0}. Then H
1
(X,W †Ω•X)
∼= H
1
MW(X/W ) = H
1
(Ω•
A†
), where
A† = {
∑
n∈Z
anx
n | an ∈W and ∃ǫ > 0, ∃C ∈ R, ∀n ∈ Z, νp(an) ≥ ǫ|n|+ C}
is the weak completion ofW [x, x−1]. Then any element ofH
1
(Ω•
A†
) is written in the form
[
(
∑
n∈Z anx
n)dx
]
with
∑
n∈Z anx
n ∈ A†, and it can be rewritten as
a−1[x
−1dx] +
( ∑
n6=−1
anx
n)dx
 = a−1[x−1dx] +
d( ∑
n6=−1
an
n+ 1
xn+1)
 = a−1[x−1dx] ∈W [x−1dx],
because
∑
n6=−1
an
n+1x
n+1 ∈ A† ⊗Q. Thus H
1
(Ω•
A†
) = W [x−1dx] and it is finitely generated over W , as
required.
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If r ≥ 2, we setX1 := A
1
k\{α1, . . . , αr−1},X2 := A
1
k\{αr}. Take lifts αi ∈W of αi for 1 ≤ i ≤ r. Then,
for i = 1, 2, H
1
(Xi,W
†Ω•X)
∼= H
1
MW(Xi/W ) = H
1
(Ω•
A
†
i
), where A†1 is the weak completion of W [x, (x−
α1)
−1, . . . , (x − αr−1)
−1] and A†2 is the weak completion of W [x, (x − αr)
−1]. Also, H
1
(X,W †Ω•X)
∼=
H
1
MW(X/W ) = H
1
(Ω•
A†
), where A† is the weak completion of W [x, (x − α1)
−1, . . . , (x − αr)
−1]. Then,
as a special case of [16, Lemma 7], the canonical map A†1 ⊕ A
†
2 → A
† is surjective, and so the map
Ω1
A
†
1
⊕ Ω1
A
†
2
→ Ω1
A†
is also surjective. Thus we see that the map H
1
(Ω•
A
†
1
) ⊕ H
1
(Ω•
A
†
2
) → H
1
(Ω•
A†
) is
surjective. Because H
1
(Ω•
A
†
1
) ⊕ H
1
(Ω•
A
†
2
) is finitely generated over W by induction hypothesis, so is
H
1
(Ω•
A†
), as required. 
Consequently, on the finiteness of H
1
(X1,W
†Ω•X) for an affine smooth curve X , we conjecture the
following.
Conjecture 3.8. Let X be an affine smooth curve over k. Then H
1
(X1,W
†Ω•X) is finitely generated
over W if and only if its smooth compactification has genus 0.
For higher dimensional varieties, we have the following as a simple consequence of Theorem 3.1.
Theorem 3.9. Let X be a projective smooth variety over k and let a ≥ 2 be an integer prime to p. Then
there exists a generically e´tale morphism f : Y → X of degree a with Y smooth such that H
1
(Y,W †Ω•Y )
is not finitely generated over W .
Proof. Take a closed embedding X ⊂ PNk into a projective space and take two transversal hyperplanes
H1, H2 in P
N
k which meet X smoothly and transversally. Let A := H1 ∩H2 ∩X and let b : X˜ → X be
the blow-up of X along A. Then we have canonically a pencil structure g : X˜ → P1k.
Let h : C → A1k →֒ P
1
k be the superelliptic curve y
a = xb + 1 (where b is a positive integer coprime
to ap and x is the coordinate of A1k), and let C
′ ⊂ C be the open subscheme on which h is e´tale. Now
let g′ : Y → C′ be the pullback of g : X˜ → P1k by the composite C
′ →֒ C
h
−→ P1k. Then we have the
canoncical map Y → X˜ → X which is generically e´tale of degree a, and Y is smooth.
Take a finite extension k′ of k such that A admits a k′-rational point t. In the following, for a scheme
or a morphism of schemes ?, we denote ?⊗kk
′ simply by ?k′ . Then b
−1
k′ (t)
∼= P1k′ and so it defines a section
s : P1k′ → X˜k′ of gk′ : X˜k′ → P
1
k′ , and it induces a section s
′ : C′k′ → Yk′ of the map g
′
k′ : Yk′ → C
′
k′ .
Thus we have maps between cohomology groups modulo torsion
(18) H
1
(C′k′ ,W
†Ω•C′
k′
)
g′
∗
k′−−→ H
1
(Yk′ ,W
†Ω•Yk′ )
s′
∗
−−→ H
1
(C′k′ ,W
†Ω•C′
k′
)
whose composition is the identity. So the map g′∗k′ is injective. By Theorem 3.1 and Proposition 3.3,
H
1
(C′k′ ,W
†Ω•C′
k′
) is not finitely generated over W (k′). Hence H
1
(Yk′ ,W
†Ω•Yk′ ) is not finitely generated
over W (k′) either. Then, since
H
1
(Yk′ ,W
†Ω•Yk′ )
∼= H
1
(Y,W †Ω•Y )⊗W W (k
′),
we conclude that H
1
(Y,W †Ω•Y ) is not finitely generated over W . So the proof is finished. 
Remark 3.10. We can construct examples of non-affine smooth varieties X such that H
1
(X,W †Ω•X) is
not finitely generated over W in the following two ways.
First, let k be a perfect field of characteristic p > 0, let a, b ≥ 2 be coprime integers prime to p and
let C be the superelliptic curve xa + yb + 1 = 0. Let k′ be a finite extension of k such that C has two
distinct k′-rational closed points s, t. Then, if we set X := (C ×k C) \ (s×k s), it is a non-affine smooth
variety over k. On the other hand, we have morphisms
ι : Ck′ ∼= C ×k t →֒ X, π : X →֒ C ×k C
1st proj.
−−−−−→ C
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such that ι ◦ π : Ck′ → C is the natural projection. Then we have maps between cohomology groups
modulo torsion
H
1
(C,W †Ω•C)
pi∗
−→ H
1
(X,W †Ω•X)
ι∗
−→ H
1
(Ck′ ,W
†Ω•Ck′ )
whose composition is the injection
H
1
(C,W †Ω•C) →֒ H
1
(C,W †Ω•C)⊗W W (k
′) ∼= H
1
(Ck′ ,W
†Ω•Ck′ ).
Thus π∗ is injective. By Theorem 3.1, H
1
(C,W †Ω•C) is not finitely generated overW . HenceH
1
(X,W †Ω•X)
is not finitely generated over W either.
Second, consider the smooth variety Y in the proof of Theorem 3.9 such that dimY ≥ 2. If Y is not
affine, this gives an example we want. Otherwise, take a closed point t of Y whose inverse image in Yk′
does not meet the image of s′ : C′k′ → Yk′ in the proof of Theorem 3.9. Then the diagram (18) remains
to exist if we replace Y by Y ′ := Y \ t. Then Y ′ is a non-affine smooth variety such that H
1
(Y ′,W †Ω•Y ′)
is not finitely generated over W , as required.
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